Abstract. We define the notion of valuation on simplicial maps between geometric realizations of simplicial complexes in R n . Valuations on simplicial maps are analogous to valuations on sets. In particular, we define the Lefschetz volumes, which are analogous to the intrinsic volumes of subsets of R n . Our definition not only provides a generalization of the Lefschetz number, but also yields a Hadwigerstyle classification theorem for all such valuations.
Introduction
The Euler characteristic of a polyhedron (a geometric realization of a simplicial complex) can be generalized to the Lefschetz number of a selfmap of a polyhedron. The Lefschetz number L(f ) is a classical homological invariant which in some sense gives an oriented count of the number of fixed points of the selfmap; see the text by Brown [5] . In particular, the Lefschetz number of the identity map equals the Euler characteristic.
A theme in topological fixed-point theory has been to consider properties of the Euler characteristic of a space and generalize to the Lefschetz number of selfmaps. A notable recent result is the paper of Arkowitz and Brown [1] , which gives axioms which uniquely define the Lefschetz number. Arkowitz and Brown's axioms directly generalize earlier axioms for the Euler characteristic by Watts in [12] .
A simple consequence of the classic Hadwiger theorem is that the Euler characteristic is the unique valuation which has value 1 on any compact convex set. Recent work by the first author in [10] generalizes this fact to the Lefschetz number. The main result of [10] is that the Lefschetz number defined for selfmaps on polyhedra is unique with respect to the valuation (additivity) property, along with a specification of the value on simplices. That work considers only the Euler characteristic, which in Hadwiger's context is the dimension zero intrinsic volume.
The goal of this paper is to obtain an analogue of the full Hadwiger theorem in all dimensions in the setting of simplicial self-maps on polyhedra. The characterization of valuations in this context includes the Lefschetz number as the dimension zero case, together with a set of higher-dimensional valuations. These other valuations do not seem to appear in the fixed point theory literature, but nonetheless give meaningful information about the fixed point set. In particular they all satisfy a Lefschetz fixed point theorem. Furthermore, our valuations on simplicial maps are analogous to the valuations on real-valued functions described in [4] .
Background
Classically, valuations have been studied on subsets of n-dimensional Euclidean space, R n . A valuation is a way of assigning a notion of size to sets [8] . More formally, a valuation on a collection S of subsets of R n is an additive function v : S → R, meaning that
for all A ∈ S and φ ∈ E n , the group of Euclidean motions (isometries) on R n . A valuation is continuous on S if it is continuous with respect to convergence of sets in a specified metric (generally the Hausdorff metric).
The intrinsic volumes 1 µ 0 , µ 1 , . . . , µ n are Euclidean-invariant valuations commonly defined on polyconvex subsets of R n (a polyconvex set is a finite union of compact convex sets). The valuation µ 0 is Euler characteristic, and µ n is Euclidean n-dimensional volume. Intuitively, µ k (A) gives a notion of the k-dimensional size of a set A, so µ 1 measures length or perimeter, µ 2 measures area, etc. Formally, the intrinsic volumes are often defined via the Steiner formula. For any convex set A ⊂ R n , let A ρ denote the volume of the "tube" around A of radius ρ > 0; that is,
The Steiner formula states that the volume of A ρ is a polynomial in ρ, whose coefficients involve the intrinsic volumes:
where ω j is the volume of the j-dimensional unit ball. For a proof of the Steiner formula, see Schneider [9] . The well-known Hadwiger theorem states that the space of Euclidean-invariant valuations on polyconvex sets in R n , continuous on convex sets with respect to the Hausdorff metric, is a vector space spanned by the intrinsic volumes [6, 7] . Theorem 1 (Hadwiger) . Any Euclidean-invariant convex-continuous valuation v on compact polyconvex subsets of R n is a linear combination of the intrinsic volumes:
for some constants a k ∈ R.
Our work will be in the setting of abstract finite simplicial complexes and their geometric realizations. Let S be a finite set, and P (S) the power set. A simplicial complex (or simply complex ) is a subset X ⊂ P (S) such that if x ∈ X and y ⊆ x then y ∈ X. A complex containing exactly one maximal element is a simplex. A one-element subset of P (S) is called an open simplex.
For any a ∈ P (S), letā ⊂ P (S) be the simplex whose maximal element is a. For a simplexā, the boundary ∂ā is the complexā − {a}. The one-element set {a} is the interior ofā, denotedå. Let a polyhedron refer to a geometric realization of a simplicial complex. When speaking of valuations, we sometimes use the terms simplicial complex and polyhedron interchangeably; in this paper, we always pair a simplicial complex with a geometric realization, and a polyhedron always comes with a simplicial decomposition. Since the original set S is assumed to be finite, our polyhedra will always be compact.
Thus polyhedra are polyconvex sets, and intrinsic volumes of polyhedra are welldefined and well-studied in the literature. Less commonly known is that any valuation on polyhedra induces a valuation on their interiors. If v is any valuation on polyhedra, then we can extend v to geometric realizations of open simplices as follows. Letx denote a (closed, geometric) simplex. Letx denote the interior ofx and ∂x denote the boundary ofx. A closed simplex is equal to the disjoint union of its interior and its boundary; that is,x =x ⊔ ∂x. Furthermore, the boundary ∂x is itself a simplicial complex. Then we can define
This allows us to write the valuation of a simplicial complex as a sum over all open simplices.
Lemma 2. Let v be a valuation on polyhedra, and let X be a polyhedron. Then
where the sum is over all simplices, of all dimensions, in X.
(Throughout the paper, summations indexed by subsets of a complex, as in (5), will be assumed to range over only subsimplices of the complex.)
Since v is a valuation, we see that w is also a valuation. We show that w(X) = v(X) by induction on the number of simplices of X.
For the base case, when X is empty we have w(X) = v(X) = 0. For the inductive case, assume that X has k + 1 simplices, and let a ⊂ X be a maximal simplex and Y a complex of k simplices with X = a ∪ Y . Then by additivity of v and w and the induction hypothesis we have
Specifically, the intrinsic volumes of geometric realizations of open simplices are related to the intrinsic volumes of their closures as follows.
Proposition 3. Let x be a geometric realization of a closed n-simplex andx be its interior. Then
for any k ∈ {0, 1, . . . , n}.
Proof. We will prove the k = 0 case, which is easily accessible with combinatorial arguments. A full proof for all k appears in [4] (see Remark 5 in that paper) using an integral-geometric approach to the intrinsic volumes.
In the case for k = 0, the intrinsic volume µ 0 is the Euler characteristic χ. When x is a simplex we have χ(x) = 1 and so the statement to be proved is that χ(x) = (−1) n . But χ(x) = χ(x)−χ(∂x) = 1−χ(∂x). Since ∂x is topologically a sphere of dimension n−1, its Euler characteristic is 1+(−1) n−1 . Thus we have χ(x) = 1−(1+(−1) n−1 ) = (−1) n as desired.
The Euler characteristic µ 0 resulting from Proposition 3 is the combinatorial Euler characteristic, which takes value (−1) n on an open n-simplex. This Euler characteristic is unfortunately not a homotopy-type invariant, but it is a homeomorphism invariant and appears in the literature [2, 3, 11] .
Valuations on Simplicial Maps
Let A be the set of admissible pairs (f, X), where X is a polyhedron in R n and f : X → X is a simplicial map (taking simplices to simplices).
We define valuations on admissible pairs as follows:
for any polyhedra X and Y in R n such that f is a simplicial map on each of X and Y .
Just as any valuation on polyhedra induces a valuation on open simplices (equation (4)), any valuation on admissible pairs extends in a natural way to open simplices. Suppose that x ⊂ X is a simplex and f : x → X is a simplicial map. Then we define
wherex refers to the interior ofx as before. We obtain a useful decomposition of any valuation on admissible pairs as a sum of values on open simplices. For any admissible pair (f, X) and valuation v,
The proof of equation (8) is essentially the same as that of Lemma 2. We highlight the following properties, which a valuation v on admissible pairs may satisfy:
for any (closed) simplex x ∈ X with interiorx, where
Compare this with a similar property of the Lefschetz number in [10] . By equation (7), this property is equivalent to the statement v(f,x) = c(f, x)v(id,x).
Property 6 (Invariance)
. Valuation v satisfies the invariance property if v(f, X) = v(φ • f • φ −1 , φ(X)) for any isometry φ of R n and any polyhedron X. This means that if v is an invariant valuation, then v(f, X) does not depend on the particular location or orientation of X in R n . Property 7 (Continuity). Valuation v is continuous if v(id, X i ) converges to v(id, X) for any sequence of convex polyhedra (X i ) i that converges in the Hausdorff metric to a convex polyhedron X.
Lefschetz Volumes
We highlight a class of valuations on admissible pairs. For an admissible pair (f, X) with X ⊂ R n , and for any k ∈ {0, 1, . . . , n} we define the k-dimensional Lefschetz volume v k :
where the sum is over all simplices x ⊆ X, and c(f, x) is given in (10) . In order to make sense of µ k (x) for k > 0, we recall that R n is equipped with the Euclidean metric. Viewed in terms of the chain maps f q , the number c(f, x) is the coefficient on x in the chain f q (x). Thus the trace tr(f q ) equals the sum x∈Cq(X) c(f, x). Let V q,k be the diagonal matrix consisting of the intrinsic volumes µ k (x) for each q-simplex x. Then we have the following trace formula for the Lefschetz volumes:
The intrinsic volumes are higher-dimensional analogues of the Euler characteristic which are geometric rather than purely topological. In the same way, the Lefschetz volumes are higher-dimensional analogues of the Lefschetz number, which is itself a generalization of the Euler characteristic.
Observe that setting the "dimension" k to zero in (12) makes V q,0 equal to the identity matrix, since the dimension zero intrinsic volume is the Euler characteristic, which is 1 for any simplex. Thus we have
which is the classical Lefschetz number of f .
Observe also that if we use the identity map id for f in (11) we have c(id, x) = 1 for all x, and thus
Thus, the Lefschetz volumes simultaneously generalize the Lefschetz number and the intrinsic volumes. The real number v k (f, X) may be thought of as a "signed" dimension-k intrinsic volume of those simplices fixed by f .
The Lefschetz volumes maintain the most notable characteristic of the classical Lefschetz number, the following fixed point property:
Theorem 8. For any k, if v k (f, X) = 0, then f has a fixed point in a simplex of X with dimension at least k.
Proof. If v k (f, X) = 0, then there is some simplex x ⊂ X with c(f, x) = 0 and µ k (x) = 0. Since c(f, x) is nonzero, f maps x to itself. By the Brouwer fixed point theorem, f has a fixed point in x. Since µ k (x), the dimension k intrinsic volume, is nonzero, x must be a simplex of at least dimension k.
Furthermore, the Lefschetz volumes satisfy each of the properties defined in the previous section.
Proposition 9. The Lefschetz volumes are invariant, continuous valuations on admissible pairs that satisfy the simplex property.
Proof. Additivity of v k follows from the fact that any polyhedron can be decomposed into a disjoint union of open simplices; thus v k is a valuation on admissible pairs.
We now show that v k satisfies the simplex property. For any simplex x,
To show that the above equals c(f,
. Applying equation (13) to both x and ∂x, we obtain
Thus, v k satisfies the simplex property. The continuity property of v k follows directly from (13) and continuity of µ k . It remains to prove invariance of
where φ is any isometry. By (12), we have:
where W q,k is the diagonal matrix of intrinsic volumes of simplices of φ(X). Since φ is an isometry these are the same as the intrinisic volumes of simplices of X, so W q,k = V q,k , where V q,k is the diagonal matrix of intrinsic volumes of simplices of X. Also since φ is an isometry we have dim(X) = dim φ(X). By naturality of the chain maps we have (φ • f • φ −1 ) q = φ q f q φ −1 q , and since V q,k is a diagonal matrix and the trace is similarity invariant we have
A Hadwiger Theorem
We now turn to a Hadwiger-style classification theorem for valuations on admissible pairs.
Theorem 10. Any invariant, continuous valuation v on admissible pairs satisfying the simplex property is a linear combination of the Lefschetz volumes. That is, v can be written as
for some real constants a k .
Note that the constants a k in the theorem depend only on v, not on x.
Proof. We write v(f, X) as a sum of values on open simplices of X (by equation (8)) and apply the simplex property:
Let w(X) = v(id, X), which is a real-valued function on polyhedra in R n . Furthermore, we will show that w(x) is additive, Euclidean-invariant, and continuous.
Additivity of w follows from additivity of v. For any polyhedra X and Y ,
Invariance of w follows from invariance of v. For any isometry φ ∈ E n and any simplex x ∈ R n ,
Continuity of w follows from continuity of v. Continuity of v implies that w is a Hausdorff-continuous valuation on compact convex polyhedra. Since compact convex polyhedra are Hausdorff-dense among compact convex sets in R n , Hausdorffcontinuity allows us to extend w to a valuation on compact convex sets in R n . Therefore, w is a Euclidean-invariant valuation on compact polyconvex sets, continuous on convex sets with respect to the Hausdorff metric. The classic Hadwiger Theorem then implies that for any polyhedron X,
for some constants a k ∈ R (that depend only on w, not on X). In particular, equation (16) holds when X is a closed simplex x or its boundary ∂x. We obtain:
Thus by (15) we have
where the exchanging of the sums is valid because the a k depend only on v, not on x. Now by Proposition 3 the above becomes
as desired.
Examples
We now give a few explicit computations of the Lefschetz volumes for simple admissible pairs.
Example 11. Consider the following space X, illustrated in Figure 1 , consisting of vertices p 1 , . . . , p 5 , edges e 1 , . . . , e 6 , and a single face s (shaded), where all edges have length 1 and the face has area √ 3/4 (according to the Euclidean metric). Figure 1 . Polyhedron X discussed in Example 11.
Let f : X → X be the map which is the identity on edges e 1 , e 5 , and e 6 , and does a vertical flip of the face. The induced maps on chain groups for f are as follows: 
The traces of these matrices are 3, 2, and −1. Thus, by formula (12) , the Lefschetz number is
, we first remind ourselves of the value µ 1 for each simplex. If p is a vertex, µ 1 (p) = 0 since points have no length. For an edge e of unit length, µ 1 (e) = 1. For the face s, µ 1 (s) = 3/2, which is half the perimeter of s. Thus,
Lastly, to compute v 2 , we consider µ 2 . Since vertices p and edges e have no area, µ 2 (p) = µ 2 (e) = 0. The area of the face s is µ 2 (s) = √ 3/4, so we obtain To compute v 1 (g, Y ), we must take into account the lengths of the edges. Since g fixes the five edges of length 1 and reverses the edge of length 5, we find
We see that all Lefschetz volumes of (g, Y ) are zero, and yet g has a fixed point. We note that the lengths of the edges are important in this example. It is possible to While the Lefschetz number is independent of the simplicial decomposition of a polyhedron, the other ("higher-dimensional") Lefschetz volumes are not independent of such decomposition, as the following example shows. Observe that v 1 (f, X) = −2 because one edge of length 2 is mapped to itself with opposite orientation. However, v 1 (g, Y ) = 0 because no edges are mapped to themselves. Thus, v 1 is not invariant with respect to simplicial decomposition. This contrasts with the situation for Lefschetz numbers; indeed, v 0 (f, X) = v 0 (g, Y ) = 1.
Further Work
While the Lefschetz number is invariant with respect to both homotopy and simplicial decomposition, the other Lefschetz volumes do not possess such invariance. It would be interesting to determine if there is some other, analogous, conception of invariance satisfied by the Lefschetz volumes.
It is desirable to extend the valuation theory described in this paper to continuous self-maps of topological spaces, as is possible for the Lefschetz number. However, since the Lefschetz volumes depend on the simplicial decomposition of polyhedra (see Example 13), it is unclear how to approach continuous maps via simplicial approximations.
It also remains to study valuations that do not satisfy the simplex property, or that satisfy other properties. The authors suspect that there are more settings, not yet considered, in which Hadwiger-type theorems can be proved.
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